Abstract. We study a connection between the representation theory of the rational Cherednik algebra of GL n and the representation theory of the degenerate double affine Hecke algebra (the degenerate DAHA). We give an algebra embedding from the rational Cherednik algebra to the degenerate DAHA, and investigate the induction functor through this embedding. By this functor, the category O for the rational Cherednik algebra is embedded fully faithfully into the category O for the degenerate DAHA. We also focus on the full subcategory O ss of O consisting of those modules which are semisimple with respect to a certain commutative subalgebra. A classification of all irreducible modules in O ss for the rational Cherednik algebra is obtained from the corresponding results for the degenerate DAHA.
Introduction
We study a connection between two algebras of type GL n ; the rational Cherednik algebra H rat κ and the degenerate double affine Hecke algebra H κ . These two algebras can be seen as a rational and trigonometric degeneration of Cherednik's double affine Hecke algebra [C1, C2] respectively, but the relation between them or their representation theories had not been clear.
In this paper, we will see that H rat κ is a subalgebra of H κ in type A case by giving an algebraic embedding H rat κ → H κ explicitly, and moreover we show that H κ can be seen as a localization of H and H κ respectively. We prove that the induction functor embed O(H rat κ ) into O(H κ ) fully faithfully. Moreover it follows that it sends a standard module of H rat κ to a standard module of H κ , and an irreducible module to an irreducible module.
Through this functor, one can transform results on the one side to the other. For example, the multiplicity of an irreducible module in the composition series of a standard module for H rat κ is equal to the corresponding multiplicity for H κ .
We also focus on the full subcategory O ss of O consisting of those modules which are semisimple with respect to the commutative subalgebra which is realized as the algebra generated by (homogeneous) Dunkl operators on the polynomial representations. This class of representations for H κ have been studied in [C3, SV] 
Root system and affine Weyl group
Let F be a field of characteristic 0. Let Q and Z denote the set of rational numbers and the set of integers respectively , which are subrings of F.
Throughout this paper, we use the notation
Let n ∈ Z ≥2 . Let h be the vector space with the basis {ǫ
* be the dual space of h and let {ǫ ∨ i } be the dual basis of {ǫ
give a set of roots and a set of positive roots of type A n−1 respectively. Let S n denote the Weyl group associated with the root system R, which is isomorphic to the symmetric group. The group S n acts naturally on h, h * and R. Denote by s α the reflection corresponding to α ∈ R. We write s i = s α i and s ij = s α ij .
Put
Zǫ i ⊂ h * , which is preserved by S n . Define the extended affine Weyl group S n as the semidirectproduct P ⋊ S n with the relation wt η w −1 = t w(η) , where t η denotes the element of S n corresponding to η ∈ P . Put π = t ǫ 1 s 1 s 2 · · · s n−1 and s 0 = t α 1n s 1n . Then {s 0 , s 1 , . . . , s n−1 , π} is a generator of the group S n .
Cherednik algebras
We denote the polynomial ring and the Laurent polynomial ring in n-variables z 1 , z 2 , . . . , z n by F[z] and F[z ±1 ] respectively: 
Let F denote the algebra generated freely by the algebras FP , FS n and S(h) such that the natural inclusions FP → F , FS n → F and S(h) → F are algebra homomorphisms, where S(h) denotes the symmetric algebra of h. The degenerate double affine Hecke algebra (or the trigonometric Cherednik algebra ) H κ of GL n is the associative Falgebra defined as the quotient algebra of F by the following relations:
where e η denote the element of FP corresponding to η ∈ P .
Remark 2.1. The degenerate double affine Hecke algebra can be defined in an alternative way in terms of the generators [AST] ). It is well-known (and it is not difficult to check) that the two definitions coincide. Note in particular that
The following fact is well-known.
The subalgebra H aff = FS n ·S(h) of H κ is called the degenerate affine Hecke algebra. Observe that the subalgebra FP · FS n is isomorphic to F S n .
The algebra embedding and the induction functor
The algebra structure of H rat κ is extended to the algebra structure of
Theorem 3.1. (i) There exists a unique algebra homomorphism ι :
and moreover it is injective.
(ii) The algebra embedding ι :
Proof. By checking the defining relations of H rat κ (resp. H κ ) by direct calculations, one can show that the assignment ι (resp. ) are uniquely extended to the algebra homomorphism
κ is injective by Lemma 2.2. Remark 3.2. The algebra embedding H aff → H rat κ given as the restriction of  to H aff has been discussed in [EG] .
In the rest of the paper, we often identify H rat κ with the subalgebra ι(H Proof. Follows easily from the natural isomorphism
We will use the following lemma later.
Lemma 3.5. There exists an algebra isomorphism σ :
Proof. Let w ∈ S n . Note that π n = e ǫ 1 +ǫ 2 +···+ǫn . Hence there exist some k ∈ Z and y ∈ S
• n such that w = π k y. It follows that the correspondence w → π k ⊗ y gives rise to a well-defined linear map
• n , and it gives the inverse of the induced map and locally nilpotent for F[x ∨ ] + . Let O(H κ ) denote the full subcategory of H κ -Mod consisting of those modules which are finitely generated over H κ and locally finite for S(h), i.e., a finitely generated
It is known that O(H rat κ ) (resp. O(H κ )) is a Serre subcategory of H rat κ -Mod (resp. H κ -Mod), and any object in O(H rat κ ) (resp. O(H κ )) has a finite composition series [GGOR, V, VV] .
Recall that S(h) ⊂ H rat κ ⊂ H κ under our identification via ι. As a step, we will prove that S(h)v ⊆ M is finite-dimensional. It is easy to see that
Since M is locally nilpotent for
By Corollary 3.7, any element in H κ ⊗ H rat κ M is of the form π kv for some k ∈ Z ≤0 and v ∈ M, wherev denotes the image of 1 
This implies x i v ∈ N(M) and hence N(M) is an H rat κ -submodule. Let us prove that N(M) is finitely generated. Take a sequence
, and hence its composition series is finite. Therefore the sequence (4.1) must end in finite steps, and we have
Therefore we have the functor N : 
Proof. We have Remark 4.7. It is conjectured in [GGOR] that the category O(H rat κ ) is equivalent to the category of finitely generated modules over the qScur algebra with q = exp( 2πi κ ). The analogous statement for H κ has been proved in [VV] , where they gave a categorical equivalence between blocks of O(H κ ) and blocks of a certain category of modules over the affine q-Scur algebra. Note that the affine q-Scur algebra contains the q-Schur algebra as a subalgebra [G] .
Standard and irreducible modules
Introduce the subalgebra
We define the standard module associated with E by
There exists an algebra homomorphism ψ : H aff → FS n given by
and define the H aff -module ψ E similarly as φ E. We define the standard module associated with E by
Observe that the standard modules
Proof. Observe that x ∨ i acts trivially on the image of
. This is isomorphism since both sides are isomorphic to FP ⊗E as FP -modules.
(ii) follows immediately from Theorem 4.6.
Recall that H rat κ contains a canonical grading operator ∂ = i∈[1,n]
, and gives a triangular decomposition of the algebra H rat κ . For a finitedimensional irreducible S n -module E, standard argument in the theory of highest weight categories implies that the standard module S rat κ (E) has a unique simple quotient, and any simple object in O(H rat κ ) is given as such a quotient [GGOR] .
Corollary 5.2. (cf. [AST, S] ) Let E be a finite-dimensional irreducible S n -module. Then S κ (E) has a unique simple quotient module.
We denote by L rat κ (E) and L κ (E) the unique simple quotient of S rat κ (E) and S κ (E) respectively. Corollary 5.3. Let E and F be finite-dimensional irreducible S nmodules. Then Remark 5.4. The multiplicity for H κ in Corollary 5.3 is equal to the corresponding multiplicity for the double affine Hecke algebra (Proposition 2.5 in [VV] ), and it can be expressed in terms of Kazhdan-Lusztig polynomials as shown in [V] .
S(h)-semisimple modules
Recall that H rat κ includes the degenerate affine Hecke algebra H aff as a subalgebra and in particular it includes the commutative subalgebra S(h), which is isomorphic to the polynomial ring of n-variables ǫ
For an H aff -module M and ζ ∈ h * , set
We call an element of M ζ a weight vector of weight ζ. [DX, DO] ). Note in particular that the simultaneous eigenvectors of the deformed operators U 1 , . . . , U n are the nonsymmetric Jack polynomials.
Define O ss (H κ ) as the full subcategory of H κ -Mod consisting of those modules which are finitely generated over H κ and S(h)-semisimple, i.e., a finitely generated 
Let m ∈ Z ≥1 . Let Λ + (m, n) denote the set of partitions of n with m nonzero components:
For λ ∈ Λ + (m, n), let E λ denotes the irreducible S n -module corresponding to the partition (or the Young diagram) λ. We write (ii) For κ ∈ Z <0 , the assignment λ → 1, λ 1 ] ). Remark 6.5. We stated Theorem 6.3 under the restriction κ ∈ Z since we treated only this case in [SV] , but most of the results obtained there can be generalized for general κ ∈ F \ {0}. In particular it follows that Theorem 6.3 can be generalized by setting Λ + κ (m, n) = Λ + (m, n) for κ ∈ F \ Q, and Λ + κ (m, n) = {λ ∈ Λ + (m, n) | r − m − λ 1 + λ m ∈ Z ≥0 }.
for κ = r/p ∈ Q >0 with r, p ∈ Z >0 , (r, p) = 1 (cf. [C3] ).
Remark 6.6. It can be seen that the Knizhnik-Zamolodchikov functor investigated in [GGOR] (and in [VV] for H κ ) transforms the irreducible representations L rat κ (λ) for λ ∈ Λ + κ (m, n) to Wenzl's representations [W] of the affine Hecke algebra.
